A quantitative description of the deformation of an annular optical element subject to external forces has been developed.
Introduction
Recent interest in annular laser resonators has focused attention on the problem of manufacturing and mounting ring-shaped optical elements.
Of particular concern is the ability to maintain a very high degree of azimuthal symmetry in the optic. This paper presents an analytic approach to the calculation of azimuthal elastic deformation of a ring, and of a ring supported by a cylindrical shell ('tangent flange'). In all cases, the optic and its support are considered to be azimuthally symmetric and constructed of an isotropic elastic material. Solutions are presented for the general loading case.
A right -hand coordinate system and right -hand rule for moment definition are used throughout theg following discussion. Table 1 lists the notation used in the equations which follow.
The derivations leading to the results presented here are lengthy and therefore not included in this paper.
Ring Element
The ring element is modelled using the basic approximations of curved beam theory. That is, the crosssection is assumed to remain undistorted during bending, plane sections remain plane, and deformation due to bending dominates deformation due to shear and ring extension.
It is easily seen that these approximations are valid if the characteristic radial dimension of the ring cross -section is small compared to the ring radius.
Under these assumptions, the elastic properties of the ring are completely determined by the material modulus and the four section moments of inertia, (Cw is a torsion warping factor), Ir The ring loading has six degrees of freedom: three each of applied force and moment. It is shown in plate and shell theory1,2, however, that the effects of distributed moment loading about the r-and zaxes may be approximated by replacing them with a statically equivalent set of forces added to the remaining four: A general, non -symmetric loading case may be considered by resolving the load and resulting deformation into their Fourier components. Since the problem involves linear elasticity, each component may be considered separately, and the results combined after calculation.
The theory presented here provides the four dimensional compliance matrix connecting the nth Fourier component of the three distributed force loadings and moment loading about the azimuthal direction to the resulting three directional displacements and rotation about the azimuthal direction, where the the loading is taken on the shear center of the ring cross -section (u and f0 are 90° out of phase with the other components), Recent interest in annular laser resonators has focused attention on the problem of manufacturing and mounting ring-shaped optical elements. Of particular concern is the ability to maintain a very high degree of azimuthal symmetry in the optic. This paper presents an analytic approach to the calculation of azimuthal elastic deformation of a ring, and of a ring supported by a cylindrical shell ('tangent flange 1 ). In all cases, the optic and its support are considered to be azimuthally symmetric and constructed of an isotropic elastic material. Solutions are presented for the general loading case. A right-hand coordinate system and right-hand rule for moment definition are used throughout the following discussion. Table 1 lists the notation used in the equations which follow. The derivations^ leading to the results presented here are lengthy and therefore not included in this paper.
The ring element is modelled using the basic approximations of curved beam theory. That is, the crosssection is assumed to remain undistorted during bending, plane sections remain plane, and deformation due to bending dominates deformation due to shear and ring extension. It is easily seen that these approximations are valid if the characteristic radial dimension of the ring cross-section is small compared to the ring radius. Under these assumptions, the elastic properties of the ring are completely determined by the material modulus and the four section moments of inertia, ((^ is a torsion warping factor), I r = / r2 dr dz I z = / z 2 dr dz I rz = / r z dr dz J = Cw / (r2 + z 2 ) dr dz
The ring loading has six degrees of freedom: three each of applied force and moment. It is shown in plate and shell theory1 » 2 , however, that the effects of distributed moment loading about the r-and zaxes may be approximated by replacing them with a statically equivalent set of forces added to the remaining four: A general, non-symmetric loading case may be considered by resolving the load and resulting deformation into their Fourier components. Since the problem involves linear elasticity, each component may be considered separately, and the results combined after calculation. The theory presented here provides the four dimensional compliance matrix connecting the n^h Fourier component of the three distributed force loadings and moment loading about the azimuthal direction to the resulting three directional displacements and rotation about the azimuthal direction, where the the loading is taken on the shear center of the ring cross-section (u and f0 are 90° out of phase with the other components),
The compliance matrix is determined by assuming an isotropic elastic constitutive relation between stress and strain, and the appropriate equilibrium equations of curved beam theory. When this is not the case, radial forces lead to axial displacement. The compliance matrix also displays a strong dependence on the Fourier index, n. This dependence on n suggests that only the first several terms in the expansion will be necessary for a reasonably accurate solution to most loading problems.
One may make a first order correction for the effect of ring extension and shear, by using the stress distribution resulting from the bending compliance matrix described above; shear = a solution. 
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Note that symmetry is still maintained. If the shear contribution is compared to that from bending, one notes a much weaker dependence on the radius and the mode number.
In addition, for typical ring crosssections, the shear areas are smaller than the principal moments of inertia.
Therefore, for small n and large a, the terms in the shear compliance matrix are much smaller than the contributions from bending.
The ring depicted in Figure 1 has been used for test calculation. Its thickness to radius ratio of 1:4 is pushing the limits of thin ring theory.
The standard criteria for an accurate solution is a ratio less than 1:10.
For comparison purposes, the deformation of the cross -section has also been calculated with a finite element code, GEMINI.
Some of the resulting compliances, using a modulus of 3 x 107 PSI and a Poisson ratio of .3, are shown in Figure 2 . The finite element compliance has been calculated with several mesh spacings, to assure mesh -independence and the displacements are calculated from a best fit line through the deformed optical surface of the ring. All the displacements quoted in the figures are of the midpoint of the optical surface.
The disagreement at large index is the result of cross -section distortion appearing in the finite -element model as a substantial part of the total deformation. Figure 3 shows the relative magnitudes of flat surface displacement and out -of -flat deformation.
It is important to note that the total contribution from these Fourier modes is small, so the differences are not of significance for typical loading cases.
The solution can be generalized to incorporate a load center offset from the ring shear center by deriving transformation matrices for the displacement and force vectors.
These transformation matrices
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The compliance matrix is determined by assuming an isotropic elastic constitutive relation between stress and strain, and the appropriate equilibrium equations of curved beam theory. This compliance matrix is symmetric, as demanded by the Maxwell-Betti reciprocity theorem. Also, the compliance matrix scales with the Young's modulus. If one of the principal axes of the ring cross-section is in the plane of the ring, then I rz is zero and many of the off-diagonal cross coupling terms go to zero. When this is not the case, radial forces lead to axial displacement. The compliance matrix also displays a strong dependence on the Fourier index, n. This dependence on n suggests that only the first several terms in the expansion will be necessary for a reasonably accurate solution to most loading problems.
One may make a first order correction for the effect of ring extension and shear, by using the stress distribution resulting from the bending solution. The result is a shear compliance which is added to the compliance matrix described above;
Note that symmetry is still maintained. If the shear contribution is compared to that from bending, one notes a much weaker dependence on the radius and the mode number. In addition, for typical ring crosssections, the shear areas are smaller than the principal moments of inertia. Therefore, for small n and large a, the terms in the shear compliance matrix are much smaller than the contributions from bending.
The ring depicted in Figure 1 has been used for test calculation. Its thickness to radius ratio of 1:4 is pushing the limits of thin ring theory. The standard criteria for an accurate solution is a ratio less than 1:10. For comparison purposes, the deformation of the cross-section has also been calculated with a finite element code, GEMINI. Some of the resulting compliances, using a modulus of 3 x 10? PSI and a Poisson ratio of .3, are shown in Figure 2 . The finite element compliance has been calculated with several mesh spacings, to assure mesh-independence and the displacements are calculated from a best fit line through the deformed optical surface of the ring. All the displacements quoted in the figures are of the midpoint of the optical surface. The disagreement at large index is the result of cross-section distortion appearing in the finite-element model as a substantial part of the total deformation. Figure 3 shows the relative magnitudes of flat surface displacement and out-of-flat deformation. It is important to note that the total contribution from these Fourier modes is small, so the differences are not of significance for typical loading cases.
The solution can be generalized to incorporate a load center offset from the ring shear center by deriving transformation matrices for the displacement and force vectors. These transformation matrices can then be combined with the compliance matrix to define a new, effective compliance matrix. If Tx is the displacement transformation and If is the force transformation, then the new compliance matrix is found by transforming force to the shear axis and using the inverse transform to return displacement to the drive point: Typically, these roots may be grouped into two sets of four, one describing membrane behavior, and the other describing bending effects. To implement the following description of the solution, it is convenient to set k1_4 equal to the small roots, and k5_8 equal to the large roots. We may then express the compliance matrix with the help of several intermediate quantities as described below. The index i runs from one to eight, and Pu, Pv, and Pw are solutions to the matrix equation,
Eight non -trivial solutions of this relation are assured because the left side of the characteristic equation satisfied by the ki is just the determinant of the above matrix. One may then produce the compliance matrix, C, as follows:
can then be combined with the compliance matrix to define a new, effective compliance matrix. If Tx is the displacement transformation and Tf is the force transformation, then the new compliance matrix is found by transforming force to the shear axis and using the inverse transform to return displacement to the drive point:
-ne z -ne r 0 0 1 -ne.
Cylindrical Shell Element
The cylindrical shell support is described by force and displacement vectors at each end. The compliance, then, is an 8x8 matrix relating pairs of force vectors to pairs of displacement vectors. An analytic solution for the compliance matrix may be found in the thin shell approximation 4 (thickness much less than radius and length). The nature of the solution depends on the eight complex roots of the characteristic equation of the system, k-j-s 1 ( 1+4g2 )k 8 -4(l+g 2 )n 2k 6 + ((6+g 2(l-v2 ))n 4 -(8-2v2 )n 2 4))k 4 -4n 2 (n 2-l ) 2k 2 + n4 (n 2 -1) 2= 0 where, g* = 2
Typically, these roots may be grouped into two sets of four, one describing membrane behavior, and the other describing bending effects. To implement the following description of the solution, it is convenient to set k-j_4 equal to the small roots, and k5_s equal to the large roots. We may then express the compliance matrix with the help of several intermediate quantities as described below. The index i runs from one to eight, and P u , P v , and Pw are solutions to the matrix equation, It is clear from the form of C that the initial normalization of Pui, Pvi. and Pwi do not affect the result. C is also real and symmetric, notwithstanding the complex elements of P, Q, and S. A general 8x8 matrix inversion need not be performed to calculate the inverse of Q, since we may take advantage of prior knowledge of the block form of Q and the symmetry of C.
In general, the computation of C is a straightforward task that may be accomplished in much less time than the comparable finite element calculation.
Combining Elements
The static response of a structure consisting of a cylindrical shell with rings attached at either end may be readily calculated by considering the inverse of the compliance matrix, the stiffness matrix K. Using the block form for K and denoting the rings attached to the shell by R1 and R2, one may write; Once the stiffness has been determined, specific boundry conditions may be introduced to determine response characteristics of the structure. Of particular interest is the case in which one end of the structure (the optical surface) is free.
In this case, one may reduce the structure to an equivalent ring and a displacement transfer function by solving the equation set, yielding, = K11 z1 + K12 z2 = 0 = K21 xl + K22 x2
This procedure may be repeated indefinitely to reduce a serially-connected system of ring /shell elements to a single equivalent ring and displacement transfer function. In executing such a reduction, it is not necessary to deal with matrices of order greater than four, thus suiting the algorithm for implementation on smaller computers than are typically used for finite element analysis.
As an example of the procedure, the transfer function has been calculated for the ring of It is clear from the form of C that the initial normalization of Pul-, Pv j, and PW1-do not affect the result. C is also real and symmetric, notwithstanding the complex elements of P, Q, and S. A general 8x8 matrix inversion need not be performed to calculate the inverse of Q, since we may take advantage of prior knowledge of the block form of Q and the symmetry of C. In general, the computation of C is a straightforward task that may be accomplished in much less time than the comparable finite element calculation.
The static response of a structure consisting of a cylindrical shell with rings attached at either end may be readily calculated by considering the inverse of the compliance matrix, the stiffness matrix K. Using the block form for K and denoting the rings attached to the shell by Rl and R2, one may write;
Once the stiffness has been determined, specific boundry conditions may be introduced to determine response characteristics of the structure. Of particular interest is the case in which one end of the structure (the optical surface) is free. In this case, one may reduce the structure to an equivalent ring and a displacement transfer function by solving the equation set, This procedure may be repeated indefinitely to reduce a serially-connected system of ring/shell elements to a single equivalent ring and displacement transfer function. In executing such a reduction, it is not necessary to deal with matrices of order greater than four, thus suiting the algorithm for implementation on smaller computers than are typically used for finite element analysis.
As an example of the procedure, the transfer function has been calculated for the ring of Figure 1 supported on a cylindrical shell of radius 22.5 inches, length 3 inches and thickness 0.1 inch. The connection between the two elements is taken as the intersection of the cylindrical shell and the outside surface of the ring; the offset of this point from the shear center of the ring is accounted for in the fashion described above. The transfer function calculated gives an approximation to the influence of base tolerance on the response of an optic mounted on such a 'tangent flange 1 where the base is much more rigid than the flange. The results of the calculation are shown in Figure 4 , along with the results of a finite element model of the same structure.
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